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ABSTRACT

Additive manufacturing (AM) is a class of advanced man-
ufacturing technologies that facilitates fabrication of geometri-
cally complex, high-performance functional parts. AM processes
often produce a “near-net” shape comprising the intended de-
sign and sacrificial support structures to be removed in post-
processing. The amount of extra material in the near-net shape
directly increases fabrication cost and clean-up time. This pa-
per presents a shape modification method for AM parts to mini-
mize the need for sacrificial material in the near-net shape. Given
an existing triangulated boundary representation of the part, we
formulate the problem as a generic shape optimization that mini-
mizes the changes made to the original geometry by locally mod-
ifying vertex coordinates while both maintaining the manifold
nature of the representation and satisfying the overhang angle
constraints, when possible. Specifically, we augment a pseudo-
energy regularization term to our primary objective function for
self-supporting to ensure that the optimized shape is valid and
suitable for AM. We propose two mesh regularization methods,
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using virtual springs and sphere packing, and provide differen-
tiable expressions of the objective function and constraints to
enable efficient gradient-based optimization. We show that the
sphere packing is more robust and retains the quality of the mesh
during optimization. Finally, we demonstrate the effectiveness
and efficiency of our method in modifying realistic models in
3D.

1 Introduction
1.1 Background

The usage of additive manufacturing (AM) for part produc-
tion has increased dramatically in the decades since its incep-
tion and AM technologies such as powder bed fusion, material
extrusion, material jetting, and binder jetting have significantly
improved manufacturing [1].

AM enables the manufacture of complicated internal ge-
ometries that are difficult or impossible to realize by subtractive
methods. As such, parts designed to be manufactured by additive
methods are constrained very differently than parts to be made
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by subtractive methods. Notable examples of the benefits of AM
can be found in soft robotics [2], the aviation industry [3], and
bridge and house construction [4].

However, AM is not without constraints. For example, most
AM methods share the problem of manufacturing parts with
unsupported overhanging surfaces. Specifically, in the case of
2+ 1-D methods, such as powder bed fusion and certain material-
extrusion and material-jetting methods, it is common to intro-
duce sacrificial (not required for part function) structure to sup-
port physical and/or thermal loads. Further, for almost any AM
process,“islands” of material that occur when slicing must be
supported by the added structure, sacrificial or otherwise. In the
case of powder bed fusion, sacrificial structures may also be re-
quired to mitigate thermal gradients that could otherwise cause
residual stresses and lead to cracking, curling, de-lamination, and
shrinkage [5].

1.2 Motivation

In this paper, we present a method to modify the net-shape
of a part, given as a boundary-represented, watertight mesh, to
minimize the need for the sacrificial support structure under the
constraints that

1. the part remains watertight,

2. the overhang surfaces are avoided,

3. preserves other figures-of-merit representing surface- and
volume-integrity and

4. ensures the initial shape is locally, and optionally, a geomet-
ric subset of the modified shape (the initial shape is con-
tained in the modified shape).

We propose that this method is helpful in two distinct phases
of the product life-cycle: the design phase and the manufacturing
phase.

A 3D part is printed in a specific orientation with respect to
the normal of a planar build plate. Therefore, there is no notion
of overhang surfaces requiring sacrificial support structure until
this specific orientation is chosen. Our method can be used to
reduce or remove the need for sacrificial support structures for a
chosen orientation.

Our method generates net-shape modifications that avoid is-
sues arising from the manufacturing process in the design phase.
In addition, our method is parameterized by the overhang con-
straints of specific manufacturing processes. Thus, if the AM
process is prescribed, our method can be used to help optimize
the part for the specific process. Further, our method can be used
in an outer optimization to down-select to a specific process.
Note that both of these optimization workflows fit well within
the larger engineering workflow commonly referred to as design
for manufacturing (DfM). DfM in general, has realized benefits
by, in some instances, significantly reducing both time-to-market
and manufacturing cost [6].

In the manufacturing phase, removing the extra material
that makes a near-net shape a net shape is not necessarily re-
quired if the support structure is added in places that do not affect
part function. As our method ensures the surface- and volume-
integrity of the resulting design, it is less likely to require re-
moval. That is, our method adds as less material as possible to
make the part self-supporting as opposed to adding support struc-
tures, for example, pillars or fins, which may be more likely to
flex and/or break off.

Whatever the form of support structures, if the material must
be removed by subtractive manufacturing, the net shape defined
by the initial design must be a geometric subset of the near-net
shape manufactured by AM, which means the near-net shape
contains the net shape. Our method facilitates this by option-
ally allowing modifications only to be additions to the designed
part.

Our method allows partitioning a part surface into multiple,
distinct areas. Partitioning into multiple areas realizes compu-
tational efficiency via parallelization and better eventual results
via granular application of constraints based on local functional-
ity. Enforcing that the areas are distinct helps ensure the surface-
and volume-integrity of the result. Note that our method must
also avoid self-intersections to maintain integrity.

Lastly, we can formulate almost all metrics as continuous
functions, allowing us to use gradient-based methods. The sole
exception arises from ensuring the non-intersection of modifica-
tions from distinct partitions. Currently, our method opts for a
binary but fast, yes/no check over a combinatorially explosive
but continuous distance computation.

1.3 Related Work

There are many examples in the literature of generating and
optimizing support structures to mitigate problems from over-
hang surfaces. For example, Jin et al. [7] proposes a supporting
structure generation based on the polygonal overlap of sliced lay-
ers.Zhou et al. [8] generate tree-like supporting structure with a
method based on the Lindenmayer system (L-system) and an oc-
tree.

To fully exploit the design space that AM allows, a research
line is dedicated to making topology optimization (TO) gener-
ate printable results. Langelaar [9] presents a layer-wise filtering
procedure that applies overhang angle restrictions at every step
of the optimization process. Mirzendehdel and Suresh [10] in-
troduced the concept of support structure topological sensitivity
to reduce the amount of support structure while maximizing per-
formance. Gaynor and Guest [11] embed an overhang projec-
tion step within the standard Heaviside Projection methodology
(HPM) which ensures that structural features would form if they
do not violate the overhang constraint. Thore et al. [12] introduce
a penalty regulation of overhang filter approaches so that sharp
inward corners could be avoided.
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The specific methods cited above do not explicitly allow
for temporary (or permanent, as applicable) part modifications
to minimize the requirement for support before, or while, com-
puting and optimizing that support. There are many articles on
DfM in which an original design is modified for AM in general
or a prescribed process. Mezzadri et al. [13] propose using a
TO framework to minimize supports by solving a volume con-
strained compliance minimization. Hu et al. [14] reduce sup-
port structure by rotating overhang regions while preserving the
global shape by minimizing the energy of rigidity. Luo et al.
[15] presents an overhang angle control method only in enclosed
voids which are identified by the nonlinear virtual temperature
method. Wang et al. [16] give a TO and level set method to
minimize support requirements from overhang surfaces. Their
method, like ours, is formulated continuously, via the level set of
a signed-distance field, and can take advantage of gradient-based
approaches. However, in our understanding, their method does
not currently allow for minimizing the presence of unsupported
V-shapes, or stalactites (as denoted in this paper): see Section
2.3.

Our approach follows work that does factor in stalactite for-
mation. Mezzadri and Qian [17] give a density-based method to
suppress stalactites during TO, characterizing stalactites through
the second derivatives of spatial density distribution. Wang et al.
[18] propose a B-spline/TO-based method to minimize overhang
and stalactite formation, where density values model stalactite
formation at points where they may arise. Allaire et al. [19] gives
a practical implicit method to minimize overhangs and stalactites
by introducing a layer-based mechanical constraint.

As far as the authors are aware, the above approaches can-
not partition the domain to treat different regions with different
constraints.

1.4 Contributions

This paper proposes a method to optimize the shape of a
mechanical part, represented as a watertight, triangulated mesh,
for AM. See Figure 1 as an example. Specifically, our result is
a new watertight, triangulated mesh as close as reasonable to the
initial mesh that has minimal need for support structure (that is,
it self-supports) and optionally contains the initial as a geometric
subset.

We impose overhang constraints for faces, edges, and ver-
tices of the triangle mesh. Note that we address the stalac-
titeproblem by imposing overhang-like constraints on edges and
vertices. In addition, we optionally impose the constraint that
the initial shape is a geometric subset of the modified shape by
enforcing that the vertices only move in the direction of their
outward normals, which is called ”’Outward constraint” in this
paper. Furthermore, these constraints can be selectively imposed
on different regions for efficiency and accommodating hybrid-
manufacturing requirements. To the best of our knowledge, this

(b)

(©

FIGURE 1. Shape modification for additive manufacturing. A com-
mon AM practice to address overhang surfaces is to add sacrificial sup-
port material underneath and then remove that structure after printing
(a). Our proposed alternative is to modify the net-part shape to be self-
supporting. The modifications are then retained or removed, depending
on the effect on part function (b). Our method allows for selecting cer-
tain surface areas of the part to be modified, and different areas may be
processed with different constraints and objectives (c). The supports for
such regions could either be designed as scaffolds by existing methods
as shown in (c) or designed as supporting crust by our method shown in

®).

is the first method that simultaneously handles the constraints
mentioned above, allowing for distinct surface areas to be opti-
mized with different constraints and objectives.

In Section 2, we formulate the optimization problem of
shape modification for additive manufacturing. The objective
function, geometric constraints corresponding with the addi-
tive manufacturing limitations, mesh partition, and regulariza-
tion methods are defined. In Section 3, we try our method under
different settings. Two methods of mesh regularization, spring
analog and sphere packing, are compared. In addition, we imple-
ment an efficient unconstrained optimization method for realistic
models. We conclude our work in Section 4.
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2 Optimization Formulation

For a surface triangle mesh T, we have its associating vertex
set V, edge set E, and face set F. We denote the number of ver-
tices as n,, the number of edges as n,, and the number of faces as
ny. For each vertex index u = 1,2, --- ,n,, we denote its position
by p, = [xmymzu]T € V. The design variables are the coordi-
nates of the vertices denoted by X := [X1, 1,21, ---s%n,, Yn, s Zn, ] -

Two vertices u and v are linked by an edge e if e = (u,v) € E.
We do not distinguish the direction of the edge. Three vertices u,
v, and w form a triangle f if f = (u,v,w) € F. The vertices of a
face are always ordered in the counter-clock direction, which re-
flects the orientation of the surface. We denote the set of vertices
that share an edge with u as V,,, which is called the neighbors of
u; we denote the set of edges that have u as one of their ends as
E,; we denote the set of faces that have u as one of its nodes as
F,.

2.1 Objective Function: Vertex Motion

We measure the changes made on the original design as the
overall motions of vertices. For a vertex u, its original position is
denoted as p,(,o) =[xy (0 ),y,g ),zl(, )]
function as:

We express the vertex motion

fchange(x) = Z [(xu —xgo))z + (Vu _YI<40>)2 + (2 — Zu ) } /l

uev
9]
where [ is a characteristic length of the mesh, which is used to
normalize the motions of the vertex. We choose /. as the mean
length over all the edges.

2.2 Face Overhang Constraints

Given a face f; = (u,v,w) € F, the overhang angle is defined
as the angle between its normal vector and building direction b.
The normal vector ny, is calculated by the positions of its three
vertices as:

ns, = (Py —Pu) X (Pw — Pu)
v = Yu) (@0 = 2u) = (20 = 2u) Y — Yu) )
= ( _Zu)(xw_xu) (xv_xu)(Zw—Zu)

(xy = Xu) Yw = Yu) — (Vv = Yur) (e — Xu)

The overhang angle of a face is illustrated in Figure 2. The
face overhang constraints, denoted as h = {A;}, are formulated
as:

n;-b
l‘:
|||

+cos(ax) >0, VfieF, 3)

where « is the prescribed overhang angle limit.

(b)

FIGURE 2. Given a face f = (u,v,w), its overhang angle is defined as
the angle between its normal vectors ny and the opposite of the building
direction b (a). Assume the middle (blue) face’s overhang angle is the
overhang limit. The upper (green) face’s overhang angle is larger than
the middle’s, satisfying the overhang limit. While the lower (red) face’s
overhang angle is smaller than the middle’s, violating the overhang limit

(b).

2.3 Point Overhang Constraints

It was observed in [17] that only implementing the overhang
constraints stated in Section 2.2 might result in “stalactites” as
shown in Figure 3. Though all the faces satisfy the overhang
constraints as stated in Equation (3), there are extremum points
with no supporting material below them. Since the face overhang
constraint only considers the normal vector of each face, there
may be cases where the overhang point « is at a local minimum,
while its adjacent faces F,, satisfy Equation (3). This paper refers
to this type of overhang point as “stalactites” and denotes the
stalactite vertices by Vgaiacrite-

For a vertex u, we define its corresponding normal vector n,,
as:

y @)

As illustrated by Figure 3, Vyaiacrire 18 the set of the vertices
at the local minimum of height function whose normal vectors
directing downward. So, there are two coupled conditions for us
to distinguish Vg4crire from the rest of the vertices in V. In-
stead of formulating a compound constraint that combines the
two conditions, we decouple it into two conditions.

First, we search the set of the vertices facing downward, de-
noted as V ¢uce_down, based on the vertex normal vectors, which is
defined as:

n,-b
Vfacedown = {” ev | m < }/}7 )
u

where 7 is a real number in [—1,1]. The lager 7 is, the more
vertices are included in V f4¢0_gown» and the larger the possibility
that all the formations of stalactites are restricted.
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(@ (b)

(c) (d)

FIGURE 3. Different types of extremum points in an AM part. The
circled region in (a) is the point overhang region and is not printable,
while the circled points in (b)-(d) are not overhangs. In other words, the
normal vectors of (a) and (b) face down, while the ones of (¢) and (d)
face up. Further, the overhang in (a) is at the local minimum of height
function, while the one in (b) is at the local maximum of height function.
Thus, we can distinguish the stalactite tip in (a) from all other cases.

Then, we impose the point overhang constraints k defined in
Equation (6) to ensure that any vertex in V ggce_gows 1S not a local
minimum among its neighbors.

ki = Zuj — I’éllll >0, Vu € Vface_down' (6)

VeV,

FIGURE 4. The almost horizontal edge (a);the problem is solved by
considering the edge slope in the stalactite constraints (b).

2.4 Edge Overhang Constraints

Now, we have defined self-supporting constraints in Equa-
tion (3) and Equation (3) to constrain faces and vertices, re-
spectively. However, these constraints have not covered all the
self-supporting-related issues. For example, Figure 4 shows the

edge overhang problem. To avoid the almost horizontal edges,
we need to consider the slopes of the edges. So, we have the
modified point overhang constraints Equation (6) as:

Zui -

k; = max

v .
o, —poll a)>0, Vu, eV o
veV”i | |pu,~ —Pv || Sln( ) u face_down ( )

To ensure differentiability, we use a smooth function to ap-
proximate the maximization, and the constraint functions be-
come:

iq = Sﬁ (u;) >0, Vu € Vface_d()wm
ZvGVui Cveﬁé’v

Sﬁ (ui) = ooy, BG (8)
Zu- _Zv
Cv =0,
|Ipu; — 0y ]|

where 3 is a positive scalar value and as 3 — oo, Equation (8)
converges to Equation (7) or k — k.

2.5 Outward Constraints

In many practical applications, the net shape defined by the
design (or some regions of the design) must remain unchanged
due to functional or assembly requirements. In these cases, the
intended design (or at least the regions of interest) must be con-
tained in the self-supporting near-net shape produced by the AM
process. The sacrificial support structures are subsequently re-
moved by post-process machining. Such constraints could be
realized by restricting the vertices’ moving direction to be out-
ward.

Let’s denote the set of vertices that can only go outward as
Vourwara- The outward constraints, denoted as m, are formulated
as:

m; = (pui - P:g?)) : nt(d?) > 0,Vu; € Vourward- 9)

It restricts that the moving direction of a vertex from its orig-
inal position must have an angle less than /2 with its original
local normal vector of the surface, which means it can only move
the outward of the original surface.

2.6 Topological Validity

In many applications, the meshes’ quality is related to the ac-
curacy of the quantity measured from the elements. In our case,
the concerned property is the surface’s normal vectors, approxi-
mated by the mesh’s face orientations. Moving the vertices of the
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FIGURE 5. Mesh deformation examples. The original mesh (a); The
deformed mesh that has self-intersecting triangles (b); The deformed
mesh with low quality, which is at the edge of self-intersecting (c); The
deformed mesh with high quality where the angle distortions are uni-
formly distributed (d).

meshes carelessly can result in low-quality, degenerate, or self-
intersecting triangles that render the entire design topologically
invalid, as shown in Figure 5 (b) and (c).

We introduce the pseudo-energy to hold the quality of the
mesh in the form of a regularization term added in the objective
function in Section 2.1. Thus, our objective function consists
of vertex motion and a regularization term according to Equa-
tion (10).

709 = X =4 Oyl a2 /2
uev (10)

+WEE(V7E)7

where E(V,E) is the pseudo-energy defined on edges, and wg, is
the weight of the pseudo-energy. E(V,E) would be minimized
if the angle distortions are uniformly distributed over the mesh,
which preserves the mesh quality, as shown in Figure 5 (d).

2.6.1 Linear Spring One traditional way to define the
pseudo-energy E(V,E) is by modeling edges as linear springs,
where the optimal displacements are found such that the overall
elastic energy of all springs is minimized. Spring analogy meth-
ods have been widely used in updating and smoothing dynamic
meshes for computational models, such as fluid-structure inter-
action [20], free surface flow [21], and bio-fluid mechanics [22],
where the domains deform and the quality of the mesh needs to
be maintained. The spring balanced length is defined as the ini-
tial length of the corresponding edge. So the pseudo-energy of

linear springs is defined as:

10’
Espring (X) = Z I(T y (1)

ecE e

where [, is the modified length of edge e, and léo) is the initial

length of e.

2.6.2 Sphere Packing Alternatively, we can incor-
porate mesh regularization in the objective function of Equa-
tion (10) by using discrete conformal mapping (DCM) widely
used in computational geometry to scale and rotate a shape
while approximately preserving the angles[23] and other distor-
tion measures such as edge length ratio. Some DCM methods
such as Dirichlet energy minimization [24, 25, 26, 27] or Least
Square Conformal Maps (LSCM) [28] require the initial and fi-
nal configurations to be known a priori. Although these methods
are well-established, computationally efficient, and converge to
smooth conformal mappings in the limit, they are not suitable for
our application since the final shape is not known beforehand.

Another kind of method does not require that the final shape
is known. Instead, it defines two triangle meshes are discrete
conformal equivalence if specific properties are preserved be-
tween the mesh no matter how coarse they are. For example,
Springborn et al. [29] put forward that a mapping between two
triangle meshes is DCM if length cross ratios are preserved. Cir-
cle packings [30] define a kind of discrete conformal maps that
preserve circles, originating from the observation that smooth
conformal maps preserve infinitesimal circles. A circle packing
is a configuration of disjoint circles with a tangency pattern, a
graph that shares the same topology as a prescribed triangulation
of the surface. The circles, defined by the geodesic distance on
the embodying surface, reveal the geometric information. The
existence and uniqueness of circle packing have been proved
by Koebe-Andreev-Thurston (KAT) theorem and its extensions
[31, 32].

This paper uses sphere packing to parameterize and modify
3D surface meshes to generate optimized self-supporting near-
net shapes. A sphere packing S consisting of a set of spheres
{s1,52,...}. We build a sphere packing from a triangle mesh by
placing spheres at all the mesh’s vertices. The indices of the
spheres are the same as the ones of vertices. The center positions
of the spheres are equivalent to the vertices’ positions. For a
sphere s;, we denote its center position as ¢; := [x;, yi,zi]T, and
its radius as r;. Now, we expand the design variable by including
the radii of the spheres as:

. T
X = [xlaylazhrla"'7xnvaynvaznmrnv] .
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We define the pseudo-energy based on sphere packing as:

Esphere (X) =

le_ u— vy
Y (e (12)

e(u,y)€eE le

The pseudo-energy of one edge will be zero if the spheres located
at its two endpoints are tangent.

The center of each sphere is initially located at its corre-
sponding vertex position. The initial radius is prescribed as half-
length of the shortest adjacent edge. The initial conditions can
be mathematically expressed as:

(13)
A = = min |lel” —¢l”||, vuev.
vevy,

u

Note that this initial condition ensures no pair of spheres over-
lapped, but it might not satisfy the tangent constraint.

2.7 Domain Classification

To keep the near-net shape as close as possible to the in-
tended design, we need to modify the overhanging regions of an
AM part locally. Figure 6 illustrates a domain classification. The
regions colored in red are violating the overhang limit; the re-
gions colored in yellow are within the prescribed neighborhood
distance of the overhang regions; the gray ones are the regions
supporting by the build platform which are not constrained by
the overhang limit; the green regions can be printed and should
not be altered.

Our shape optimization only takes the vertices belonging to
the red and yellow regions into account, called ‘active’ vertices.
Therefore, the design variables of the optimization only include
the positions and radii of active vertices. On the other hand, other
vertices are ‘inactive,” meaning their positions and sphere radii
would not be changed.

We consider an edge to be active if and only if at least one of
its ends are active vertices. Similarly, a face is called active if and
only if at least one of its three nodes is active. Therefore, only
active vertices, edges, and faces are considered in the optimiza-
tion. The inactive vertices play the role of ‘boundary conditions.’
Without explicitly pointing out, we always mean the active when
we refer to vertices, edges, or faces.

2.8 Adaptive Constraint Tightening

From the experiments, we observed that as the initial condi-
tions violate the overhang constraints, there is often a large dis-
crepancy between the given design and feasible space. Thus,
the optimizer might converge to a ‘bad’ local optimum or fail to

FIGURE 6. Given an initial shape and a building direction, the surface
of the shape is classified into four types. The regions violating the over-
hang angle limit are colored in red. The regions within the prescribed
neighborhood distance of the red regions are colored in yellow. The re-
gions supported by the platform are colored in gray. The rest regions are
colored in green.

converge. Instead of making the optimizer jump from the initial
condition to the feasible space in one step, we break down the
optimization process into steps and adaptively tighten the over-
hang constraint. In each step, a sub-optimization is solved un-
der an increasingly more strict overhang limit until we converge
to an optimized near-net shape. Note, at the beginning of each
sub-optimization, the set of vertices facing downward V f4ce_down
is updated. The possibility of missing newly formed stalactites
could be diminished by reducing the step size Ao and increasing
Y.

The methods used to preserve mesh quality in Section 2.6
cannot prevent different parts of mesh from an intersection. A
complete non-intersection constraint can be constructed by run-
ning an intersection check over all pairs of triangles. However,
the quadratic time complexity of such computation would de-
teriorate the overall algorithm efficiency dramatically. Instead
of running the intersection check at every iteration, we apply a
trade-off between efficiency and reliability by introducing a bi-
nary yes/no check for the non-intersection of shape modifications
at the end of each sub-optimization step.

Figure 7 illustrated the proposed shape modification work-
flow. The key parts of the process are:

1. Specify the regions related to part functionality: The ver-
tices in these regions can only move outward during the op-
timization, which are collected in V,;,,4r¢- By doing so, the
resulted near-net shape contains the net shape defined by the
initial design, and the initial design could be achieved by
removing the extra material added above these regions.

2. Determine regions subject to modifications: analyze the
orientations of the triangles and collect triangles violating
self-support constraints and their neighbors in prescribed
levels.

3. Maintain topological validity: the critical part of the
methodology which maintains the mesh quality along the
optimization process.
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4. Formulate optimization: Setup objective function and con-
straints for the shape optimization problem.

5. Control the optimization process: Decompose the overall
optimization process into multiple steps where the changes
on the original shape are limited to strengthen the stability
and avoid global self-intersection.

6. Check for non-intersection: At the end of each sub-
optimization, an intersection check is run over the whole
domain to see if the triangle mesh has any self-intersection.

Specify the regions related with part functionality

!

Determine the active vertices, edges and faces

l

Start overhang limit a from Aa

l

Process the optimization

Half Aa, and
decrease a by ATC!

If self-
intersected?

increase a by Aa

End

FIGURE 7. The workflow for shape optimization

2.9 Weak Form Constraints

To implement a practical version of our method, we could
relax the strong forms of the constraints into weak forms, and
add those weak forms into the objective function, so that the op-
timization becomes unconstrained. The weak form of face over-
hang constraint, denoted as g .. is defined as sum of heaviside
function. So, we have

(14)

In a similar way, the weak form of point overhang constraint
8point» 18 defined as

y ekl (15)

gp()inl(xva') = 1 By
L‘iEVfaceJIown te !

where k; is the point overhang constraint defined in Equation 8.
As we increase A, the heaviside function approaches to sharp
step function, which makes the faces that violate overhang lim-
its have a more significant contribution in the objective func-
tion, while those satisfying the overhang limits become negli-
gible.Now, we have the objective function as

f(X) = fchange (X) + WEE(X) +wo (gface (Xa /’L) + 8 point (X7 A ) ) .
(16)
where wo is the weight for the overhang constraint.

2.10 Sensitivity Analysis
The derivatives of the vertex motion function in Section 2.1
with respect to the independent variable x are:

2
Vfenange ) = 5 [ =24"), 01 =), (a1 =207 ()

In the following, we denote the part of the gradient that in-
volves the position and radius of sphere s, as V,. The deriva-
tives of k; in Equation (8) against the position coordinates of

up € Vfaceliuwn is

IS (ui) 3¢,

an Xuj

o 9Sg(ui) 3¢,

ki= Y eS| (18)
VeV | 9Sg(u) 9L,

& w;

i

For a vertex v € V,,, the gradient is

9Sg (i) 3¢,
a5 x
Vv]%i _ | 98pm) a¢, (19)

dJ CV 2y

The gradient of the outward constraint m; in Equation (9)
against the position coordinates of u; € Vuyard 18

Vi =1y, (20)
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The gradient of the outward constraint is exactly the vertex nor-
mal vector in the last step.

The pseudo-energy function for topology validity can be ex-
pressed generically as

E(VE)=Y (s), 1)

ecE

where g, is the edge pseudo-energy function defined on the co-
ordinates and radii of the two vertices linked by edge e.

The derivatives of the pseudo-energy with respect to vertex
u are

ecE e=(u,v)€E,

(22)
=2 Z ge(vuge)
e=(u,v)€E,
We list the edge set explicitly as E := {e},ez,...,e,,} and

assembly all the edge pseudo-energy function into one vector as:

8el
g= . (23)
8en,

The Jacobian matrix of g, with n, x 4n, dimensions, is de-
fined as:

agel agel agel agel . agel agel agel agel
X1 8yl 311 arl Xny a)’nv Zny ny
Jg = : : : : .o : : :
agene ageng 8gene ageng . agene ageng agene ageng
ox Iy dz ary dxp,  dyn, Jzn, Iry,
24

Note that Jg is a sparse matrix; each row only has eight non-zero
values, which correspond to the two ends of an edge.
The derivatives of E(V,E) could be expressed as:

VE(V,E) =2(g"Jg)". (25)

For linear spring pseudo-energy, we have V, g, as

V.8 :1|: Xy — Xy Yu =Y Zu— 2y 0:|T (26)
o léo) [P =Pl [[Pu = pol " [P — o]

For sphere packing pseudo-energy, we have V, g, as

ge = L |: Xy — Xy Yu—Yv lu — 2y 1:|T
e e — ol [Pu — ol [[Pu — oI
27)

3 Experiments
3.1 Simple Demonstration

We first demonstrate our method on the simple models as
shown in Figure 8. We use sphere packing method for mesh reg-
ularization. The optimization method employed is interior point
method [33] implemented in Matlab. 7y in Equation 5 is set as
cos (57 /6). B in Equation 8 is set as 10. The neighborhood dis-
tance is set as 3.

‘5’

NH ‘s‘ f
Nm NN §§

vy
m N A
‘ “ SMM44=

*vmuuv‘ &

FIGURE 8. The simple models. From left to right, they are Door
holder(V: 212,F: 420), Cube with hole(V: 360,F: 720), and Door holder
with hole (V: 532, F: 1064).

Given a solid, as shown in Figure 9 (a), which contains one
horizontal tunnel inside it and an inclined facet. Figures 9 (b)-(c)
show the pre-processing steps before the shape optimization pro-
cess. Let us assume the user specifies the tunnel as a region re-
lated to critical functionality, such as the pathway of fluid flows,
so its net shape cannot be redesigned. To deal with the over-
hang problem in this tunnel region, we can only add supports
under this region. On the other hand, the inclined face is not a
functional surface and can be redesigned, meaning we are free
to add or remove material from it. Our algorithm can gener-
ate a near-net shape for this model, which satisfies the overhang
limits for AM, and a net shape that satisfies the original design
requirements could be made from the near-net shape through the
subtractive manufacturing process. In this example, we could
enforce that the vertices near the tunnel region move outward, so
the net shape of the tunnel could be made from the near-net shape
by removing extra material. Figure 9 (b) shows the domain clas-
sification based on overhang regions. The red and yellow regions
are subject to modification in the following shape optimization
process. Figure 9 (c) shows the initial parameterization of the
domain via sphere packing.

In the experiments, the overhang limit is set as 50°. These
experiments are conducted on an Intel i7-10875H CPU and 16
GB RAM machine. Figures 9 (d)-(f) show the results for differ-
ent shape modification strategies. Figure 9 (d) shows the mod-
ified shape without any outward constraints, where vertices can
move inward or outward. Figure 9 (e) illustrates the modified
shape by only apply outward constraint to the channel, while
the inclined facet can be freely deformed. Figure 9 (f) shows
the modified shape by applying outward constraints to both the
channel and the inclined facet.
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(e) ®

FIGURE 9. Shape modification experiments on a part with a horizon-
tal tunnel and an inclined plain side (a); The domain classification (b);
The initial sphere packing over the mesh (c); The resulted shape with-
out outward constraint where the original mesh is colored in green, and
the modified one is colored in blue (d); The resulted shape by only im-
posing outward constraint on the tunnel (e); The resulted shape with the
outward constraint imposed on the whole domain (f).

3.2 Linear Spring Versus Sphere Packing

This section compares the performance and the computa-
tional efficiency of the two mesh regularization method: linear
spring and sphere packing. As shown in Figure 10, we test on
the three models in Figure 8 with different overhang limits. The
horizontal axis of the plots represents the overhang limits, and
the vertical axis represents the minimal angle which is defined
as the smallest angle over the triangle meshes. As the overhang
limit increase, more changes on the original meshes are required
consequently. A triangle mesh with good quality means that the
angles are distributed near 60°. As its quality deteriorates, the
minimal angle in a triangle decreases. So does the minimal an-
gle over the triangle mesh. Therefore, the minimal angle shows
how much the mesh deteriorates. The more it approaches 60°,
the better the mesh’s quality is.

Figure 11 shows the modified solids. As we can see from
the results, sphere packing regularization has a consistently bet-
ter performance in maintaining the quality of mesh than linear
spring regularization does.

Table 1 shows the information of the meshes and the time
cost for the optimization. The optimizations that use linear spring
as mesh regularization cost less time than those using sphere
packing. Because sphere packing has an extra dimension, which
is the radii of the spheres, to compute.
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FIGURE 10. The two mesh regularization methods, sphere packing,
and linear spring, are used respectively in the experiments. As the over-
hang limit increase, the mesh needs more modifications to satisfy the
overhang limit. The minimal angle over the mesh evaluates how much
the mesh deteriorates; the larger, the better.

3.3 Unconstrained Optimization

When given the realistic models, as shown in Figure 12, the
constrained optimization methods used in previous experiments
cannot converge in a reasonable time on an off-the-shelf desk-
top. Because in our problem, the initial values of variables are
always infeasible, and it is estimated that the computation com-
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Sphere Packing Linear Spring
Models
sec sec/vertex sec sec/vertex
Door holder 2.66 1.25e-2 1.814 8.56e-3
Cube with hole 8.74 2.43e-2 8.66 2.41e-2
Door holder with hole 99.42 1.87e-1 39.27 7.38e-2

TABLE 1.

ww

VAN N SN sz
.

FIGURE 11.
mesh regularization methods. The red color represents the results of

The comparison of the modified solids using the two

sphere packing, and the green color represents the results of linear
spring.

plexity for the interior point algorithm to converge starting from
an infeasible point is higher than quadratic [34].

Here, we implement the weak-formed constrained optimiza-
tion described on section 2.9 on the realistic models. The method
in Section 2.8 is used to decompose the optimization into multi-
ple small steps and gradually increase the overhang angle limit.
In the experiments, Ao set as 5°. The overhang angle limit is

11

The comparison of the time cost of optimizing with sphere packing and linear spring as mesh regularization.

FIGURE 12. Examples of models with fine meshes. From left to
right, Hair-dryer: V 4,193 F 8,386; Helix: V 13,783 F 27,566; Fork:
V 7,198 F 14,400.

increased to 55°. We output the modified models under the over-
hang angle limits of 45°, 50°, and 55°. We gradually increase A
first in each step, then gradually increase wo. So, the optimizer is
guided to prioritize dealing with the regions with the most viola-
tion against the overhang limit. Finally, we apply sphere packing
for mesh regularization. Table 2 shows the time cost.

Sphere Packing
Models
sec sec/vertex
Hair-dryer 163.52  3.90e-2
Helix 152.46 1.11e-2
Fork 177.21 2.46e-2

TABLE 2. The time cost of unconstrained optimization with sphere
packing as mesh regularization

The change of the loss in overhang and point overhang con-
straints during the optimization processes can be found in Figure
13. Since the overhang angle limits o increases at the end of
each step, repetitive peaks of losses are shown in the plots. In all
the experiments, g rq4c. decays to zero, which means that the face
overhang constraints are satisfied. While g, does not converge
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FIGURE 13. The values of the weak forms of overhang and point

overhang constraints during optimization process. Each row shows the

results of the computation of each model in Figure 12, which is Hair-

dryer, Helix, and Fork, from top to down.

to zero, it is reduced significantly as the fact that it has larger ini-
tial value than g, does. We set a larger constant parameter in
the exponential term of g, than that of grc.. In such a way,
the optimizer can focus on minimizing gpein first, then take care

of 8 face-

Figure 14 shows the original meshes and the outputted
meshes under overhang angle limits of 45°, 50°, and 55°. Figure
15 shows the original model and the modified model rendered as
solids. As we can see, the modifications are reasonable and suc-
cessfully avoid unprintable point overhang. However, the modi-
fied regions are not as smooth as we get by strong form of con-
straints with sphere packing. It indicates that the effectiveness of
sphere packing is weakened to hold the quality of the mesh under
the weak form of optimization. It might be because the impacts
of the sphere packing constraint are dissolved as the weak form
of constraints are added.

12

500

Original 450 550
FIGURE 14. Experiments results. From the left to right, the original
meshes colored in green, the modified meshes under overhang angle

limits of 45°, 50°, and 55° colored in blue.

4 Conclusions

In this paper, we put forward the first method to modify the
mechanical part represented by triangle mesh in accommodation
with the limitations of overhang for AM. Especially our method
could effectively avoid point overhang when dealing with the
overhang limits. In addition, we also cover the situation when
some regions on the mechanical part whose net shape cannot be
changed. We can impose outward constraints over there. So we
can ensure that the material is always added above these regions,
and that the original design could be manufactured by removing
the extra material from the near-net shape made by AM.

We implement two formulations of optimization, con-
strained and unconstrained, to solve the problem. The con-
strained formulation could cover all the AM constraints, in-
cluding face, edge and point overhang, and outward constraints.
However, it isn’t easy to scale up to realistic models. Therefore,
we transform the constrained formulation into an unconstrained
one for computation efficiency by adding the weak form of the
constraints into the objective function. As shown in the experi-
ments, it could successfully handle realistic models and finish the
modification within a short time. However, given the complexity
of the objective function, our current formulation only includes
face, edge, and point overhang constraints. To include more
constraints, designing a stable hyper-parameter control strategy
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FIGURE 15. The original and modified models rendered as solids.
The green ones are the original solids, and the blue ones are the modified
solids with sphere packing.

would be our future work.

We study two kinds of mesh regularization methods, linear
spring and sphere packing. In constrained optimization, sphere
packing has a better performance in holding the quality of mesh
than linear spring does, while linear spring needs less time to
converge. However, sphere packing does not hold the mesh as
well as it does in a constrained framework for the unconstrained
formulation. It might be caused by the complexity of the objec-
tive function that overwhelms the effectiveness of sphere pack-
ing. How to effectively hold the quality of the mesh under un-
constrained optimization would be another issue we would like
to study in the future.

Currently, the accessibility of machining tools [35, 36] is
not considered in the optimization when the material is added to

13

the shape. In the future study, we intend to design constraints of
accessibility so that the vertices can only move into the accessible
field.
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